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Bayesian Optimization
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Bayesian Optimization

Goal: optimize expensive-to- Applications:
evaluate black-box function Hyperparameter tuning
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Bayesian Optimization
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Bayesian Optimization = Pandora’s Box
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Objective: maximize net utility Decision: adaptively evaluate a random number of boxes

max (best observed value — total costs)
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Pandora’s Box
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Objective: maximize net utility Decision: adaptively evaluate a random number of boxes

T X1, X2, e, XT EX
sup E[ max f(x;) — ) c(x;) X: discrete
policy t=12,.,T e T: random stopping time
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Naive Greedy policy can fail i
Naive Greedy policy
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c(x)
Inspection rule: argmax, (Els(x; ypest) — c(x))  Stopping rule: Els(x; ypest) < c(x), Vx € X
expected improvement - cost expected improvement < cost

Ypest: current best observed value

El¢(x; y): = E[(f(x) — y)*]: expected improvement of f(x) over y
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Naive Greedy policy can fail i
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f(1) =200w.p.1
c(1) = 198
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=1,x€{23,..,1
0 otherwise ,¢(x) ,x €{2,3,...,1000}

f(x)={

Inspection rule: argmax, (El:(x; ypest) — c(x))  Stopping rule: El¢(x; Ypest) < c(x), Vx € X
Expected utility: E[Greedy] = 200 — 198 = 2
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Naive Greedy policy can fail i

t =100 Ybest = 200

SR MG
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C(l) — 198 f(x) - { O Otherwise ,C(x) - 1;x E {2, 3, neny 1000}
Inspection rule: x € {2, 3, ...,1000} Stopping rule: ypest = 200

Expected utility: E[Optimal] = 200 — 100 = 1 = 100
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Profit: y
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Profit: E[max(f(x),y)] — c(x) Profit: y

a*(x): solution y to E[(f(x) — y)*] = c(x)
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1.5-Box Problem
> S
f(x) E’ VS. Q‘?

i
[e]

c(x)
Open closed box a*(x) Take opened box
l >
l Il | y
| |
Profit: E[max(f(x),y)] — c(x) Profit: y

a*(x): solution y to E[(f(x) — y)*] = c(x) a*(x): Gittins index!
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Optimal policy: Gittins policy

< =
Y -

c(x)
Inspection rule: argmax, a*(x) s.t. El¢(x; a*(x)) = c(x) Stopping rule: a*(x) < ypest, VX € X
solution to expected improvement = cost Gittins index < current best

Ypest: current best observed value

El¢(x; y): = E[(f(x) — y)*]: expected improvement of f(x) over y
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Optimal policy: Gittins policy
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200—?= 198 (200—?) % 0.01 = 1

Inspection rule: argmax, a*(x) s.t. El-(x; a*(x)) = c(x) Stopping rule: a*(x) < ypest, VX € X
Elf(x; y): = E[(f(x) — y)7]
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Optimal policy: Gittins policy
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Optimal policy: Gittins policy

t = 100 Ypest = 200

SR MG

(1) =200 w.p.1 200 w. p.0.01
c(1) = 198 FO) =10 otherwice * €& = LX €{2,3,...,1000}
a*(l) =2 a*(x) =100

Inspection rule: argmax, a*(x) s.t. El-(x; a*(x)) = c(x) Stopping rule: a*(x) < ypest, VX € X
Expected utility: E[Gittins] = 200 — 100« 1 = 100
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Bayesian Optimization = Pandora’s Box

1 b B D]

Special case of Markovian/

d X Bayesian multi-armed bandits o,
i [e]
g ' cN cON cON cON ==
0 i / o
[e]
o
00 02 04 06 08 10 (e ]
Continuous = Discrete
Correlated = Independent
Hard budget constraint = Cost per sample

Optimal policy: Gittins index [Weitzman’79]
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Bayesian Optim
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Bayesian Optimization = Pandora’s Box
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Bayesian Optimization = Pandora’s Box
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2 *
.
[e]
g cN cn cn =
\ T o
01 —’ ’ —_—
(o]
—
00 02 04 06 08 10 [e]
Continuous = Discrete
Correlated = Independent
Hard budget constraint = Cost per sample
|r o How to translateﬁ_ _ o
'Is Gittins index good? < Optimal policy: Gittins index
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Our contributions!
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How to translate?

Pandora’s box

COsts

=

budget
cOn cN cOn cN — cOn cN cOn cON
= | s = it
1 - o I > ... NSl
I 11
max best observed max (best observed — costs)
s.t. budget constraint
Expected budget constraint < Cost per sample

Optimal policy? & Optimal policy: Gittins index
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Expected budget constraint & Cost per sample

budget Pandora’s box scaled costs
a%s) cn a%s) a%s) — a9 cN a9 a%s)
= ] . P =

max best observed

max (best observed — A3 costs))
s.t. budget constraint

Ag: budget-dependent scaling factor

Optimal policy: Gittins solution to <= Optimal policy: Gittins index
Pandora’s box with scaled costs
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Expected budget constraint & Cost per sample

budget Pandora’s box scaled costs

- — ch oy e oy

;

max best observed max (best observed — A costs))

s.t. budget constraint A5 budget-dependent scaling factor

Reward distribution Reference
finite support [Aminian, Manshadi, Niazadeh’24]
general support our work

Optimal policy: Gittins solution to <= Optimal policy: Gittins index
Pandora’s box with scaled costs
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Expected budget constraint & Cost per sample

Constrained budget Unconstrained costs
cN cN cN cN — cN cN cN cN
= ;‘“ Z:Q:I:: . == ::{Il':: —
| ' gin!
sup E max f(x;) _ .
policy t=12,..T Lagrangian relaxation R (x,)
i = SupinfE| g, f e
<
s. t. IEZ c(x) =B A: Lagrange multiplier

T
+A|{ B—E ) c(x;)

Optimal policy: Gittins solution to < Optimal policy: Gittins index
Pandora’s box with scaled costs

Extension to [Aminian, Manshadi, Niazadeh’24] 53



Expected budget constraint & Cost per sample

Constrained budget Unconstrained Costs
cn cN cn cn — cn cN cn cn
B =N . " i _—
o I = ... . SIS
p I s i
sup E max f(x;) _ .
polllc)y t=12,..., f Lagrangian relaxation

supinfE| max f(x;)

r = policyA20 | t=12,.,T

S. t. IEZ c(xy) <B

T
t=1 Lagrange multiplier theorem ; d
nf sup & BT EL.
— in psollllrc)y n ?.(t}f— (2@2 & 5 2, c(xy)
t=1

Optimal policy: Gittins solution to < Optimal policy: Gittins index
Pandora’s box with scaled costs

Extension to [Aminian, Manshadi, Niazadeh’24] 54



Expected budget constraint & Cost per sample

Constrained budget Unconstrained costs
cN cN cn cON — cn cN cn cn
LA __! L__ O = __JI l.__ //‘\

sup E max f(x;)
policy  t=12,..,T

T
S. t. IEZ c(xy) <B

T
t=1 Lagrange multiplier theorem . d
f sup E A Z
& }g%sTlllirc)y ) ?'(H]i(ﬁtf « 5 t=1 e
3 \ f_|1 / /

?
Ag: nonzero infimum of A (4) exists — A(N)

Lagrangian relaxation

= supinfE| max f(x;)

policy220 | t=1,2,.,T

Optimal policy: Gittins solution to < Optimal policy: Gittins index
Pandora’s box with scaled costs

Extension to [Aminian, Manshadi, Niazadeh’24] 55



Expected budget constraint & Cost per sample

AN A (1)

A* \* Finite breakpoints

A A

(a) Degenerate case, differentiable at \™*. (b) Non-degenerate case, breakpoint at A*.

T t=1

Envelope Theorem
Ag: nonzero infimum of A (4) exists — A (A): convex (possibly non-differentiable) in A

Optimal policy: Gittins solution to < Optimal policy: Gittins index

Pandora’s box with scaled costs
Figure from [Aminian, Manshadi, Niazadeh’24]
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Expected budget constraint & Cost per sample

AN A (1)

A* \* Infinite breakpoints?

A A

(a) Degenerate case, differentiable at \™*. (b) Non-degenerate case, breakpoint at A*.

T t=1

Ag: nonzero infimum of A (4) exists — A(A): convex (possibly non-differentiable) in A

Optimal policy: Gittins solution to < Optimal policy: Gittins index

Pandora’s box with scaled costs
Figure from [Aminian, Manshadi, Niazadeh’24]
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Expected budget constraint & Cost per sample

AN A (1)

A* \* Infinite breakpoints?

A A

(a) Degenerate case, differentiable at \™*. (b) Non-degenerate case, breakpoint at A*.

T t=1

Our work: sharp Envelope Theorem ‘
Ag: nonzero infimum of A (4) exists — A(A): convex (possibly non-differentiable) in A

Optimal policy: Gittins solution to < Optimal policy: Gittins index

Pandora’s box with scaled costs
Figure from [Aminian, Manshadi, Niazadeh’24]
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How to translate?

Pandora’s box

budget COStS
cOn cn cO cN — cON cN cOn cON
N . 2 =
Y i:- ? ...——i:--—
max best observed max (best observed — costs)
s.t. budget constraint
Hard budget constraint = Cost per sample

argmax, a*(x) s.t. El-(x; a*(x)) = Agc(x) < argmax, a*(x) s.t. El¢(x; a*(x)) = c(x)
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How to translate?

Bayesian optimization

2] X Budget-constrained
Pandora’s box
. %y | * N O O cOn
f(x) By,
* ==
0 x1
| | | | | | c(x1) c(x4) c(x3) c(x2)
; (x) 0.0 0.2 04 0.6 0.8 1.0
Continuous = Discrete
Correlated &= Independent
Hard budget constraint == Cost per sample

How to incorporate Gaussian process? <= Optimal policy: Gittins solution to
Pandora’s box with scaled costs
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How to translate?

Bayesian optimization

2 *x
11 3*64 # )
f(x) SEEPS
01 *x1
00 02 0.4 0.6 0.8 1.0
c(x)
Continuous
Correlated

Hard budget constraint

&

&

cON

c(x1)

Budget-constrained
Pandora’s box

a9 TN e 95 NN V!

N
T
/ eee

c(x4) c(x3) c(x2)

Discrete
Independent

Cost per sample

argmax, a”(x) s.t. Elsp (x; a*(x)) = Agc(x) < argmax, a*(x) s.t. El¢(x; a*(x)) = Apc(x)

D: observed data
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How to translate?

Bayesian optimization

2] X Budget-constrained
Pandora’s box
. %y | * N O O cOn
f(x) By,
* ==
0 x1
| | | | | | c(x1) c(x4) c(x3) c(x2)
; (x) 0.0 0.2 04 0.6 0.8 1.0
Continuous = Discrete
Correlated &= Independent
Hard budget constraint == Cost per sample

argmax, a”(x) s.t. Elsp(x; a*(x)) = Agc(x) < argmax, a*(x) s.t. El¢(x; a*(x)) = Apc(x)

popular one-step
heuristic: EI policy 62



How to translate?

Bayesian optimization

2 *x
11 3*64 # )
f(x) SEEPS
01 *x1
00 02 0.4 0.6 0.8 1.0
c(x)
Continuous
Correlated

Hard budget constraint

&

&

cON

c(x1)

Budget-constrained
Pandora’s box

a9 TN e 95 NN V!

N
T
/ eee

c(x4) c(x3) c(x2)

Discrete
Independent

Cost per sample

argmax, a”(x) s.t. Elsp(x; a*(x)) = Agc(x) < argmax, a*(x) s.t. El¢(x; a*(x)) = Apc(x)

ratio of EIl and cost: EIPC policy
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How to translate?

Bayesian optimization

2 *x
11 3*64 # )
f(x) SEEPS
01 *x1
00 02 0.4 0.6 0.8 1.0
c(x)
Continuous
Correlated

Hard budget constraint

&

&

cON

c(x1)

Budget-constrained
Pandora’s box

a9 TN e 95 NN V!

N
T

/,

c(x4) c(x3) c(x2)

Discrete
Independent

Cost per sample

argmax, a”(x) s.t. Elsp(x; a*(x)) = Agc(x) < argmax, a*(x) s.t. El¢(x; a*(x)) = Apc(x)

El and EIPC policy can be arbitrarily worse [Astudillo, Jiang, Balandat, Bakshy, Frazier’21]
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Our Contributions

* How to translate?
* Is Pandora’s Box Gittins index (PBGI) good?

*x

cON
. Y cee cee _‘i:'__

O.IO 0.‘2 0.4 0.6 0.8

1.0

< Pandora’s Box Gittins index
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Our Contributions

» Develop PBGI policy for cost-aware Bayesian optimization
* Is Pandora’s Box Gittins index (PBGI) good?

x

0.0

02

0.4 0.6

Our work

0.8

1.0

cON

< Pandora’s Box Gittins index
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Our Contributions

 Develop PBGI policy for Bayesian optimization
« Show performance against baselines on synthetic & empirical experiments

x

cON

0.0 02 0.4 0.6 0.8

Our work

1.0

< Pandora’s Box Gittins index
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Best Observed Value

Experiment Results: PEGI vs Baselines

L L L B [T 1T T 17 1T 1T T [ r1T Ttv17T T 71T T/ [T Tt 7 T 1T T
0 200 400 600 800 0 100 200 300 400 0 200 400 600 800 0 1600 3200

Cumulative Cost

—— Pandora’s Box GittinsIndex (PBGlI) —— Expected Improvement (EI) —— Thompson Sampling Knowledge Gradient
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El and EIPC policy can be arbitrarily worse [Astudillo, Jiang, Balandat, Bakshy, Frazier’21]
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Conclusions

* Propose easy-to-compute PBGI policy for Bayesian optimization

2 X

. 1 N N N O _

: Y ... FElE=

budget 0 I costs
Our work < Pandora’s Box Gittins index

Check our preprint on arXiv!
69



Conclusions

 Propose easy-to-compute PBGI policy for Bayesian optimization
» Show the effectiveness of PBGI on synthetic & empirical experiments
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Conclusions

 Propose easy-to-compute PBGI policy for Bayesian optimization
« Show the effectiveness of PBGI on synthetic & empirical experiments

« Open door for more-complex BO (partial feedback, multi-fidelity, function
network, etc.) via Gittins variants (Pandora’s nested boxes, “golf”-style Markovian
MADB, optional inspection, etc.)

(7 -
@ &)

? — “Golf” Gittins indices
[Dumitriu, Tetali, Winkler’03]
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